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Hybrid Approach for Damage Detection in Flexible Structures

Cuiping Li* and Suzanne Weaver Smith’
University of Kentucky, Lexington, Kentucky 40506-0046

Recently, various system identification approaches have been developed and applied for the detection of damage
in flexible structures. In this paper, modal characteristics extracted from vibration tests are used with an original
finite element model in an identification approach developed to combine the advantages of two classes of techniques:
eigensensitivity and multiple-constraint matrix adjustment. Here, physical property parameters are adjusted,
as with eigensensitivity techniques, but model matrix characteristics are employed, as with matrix adjustment
methods. The performance of this hybrid technique is shown with its application to data from a flexible-truss

laboratory experiment.

Introduction

HE ability to locate and assess damage in flexible structures

is becoming increasingly important for improving the perfor-
mance and life of these systems. Many focused (or local) approaches
have been developed and evaluated for the purpose of damage lo-
cation and assessment, including X-ray, optical, infrared, and ultra-
sonic methods. Among the system (or global) methods currently in
development, those that use vibration response and system identifi-
cation have progressed considerably in the last five years.!~® Here,
system identification refers to the process of obtaining an updated
model to match the measured response. The motivation behind a
system identification approach for damage detection is to quantify
the damage information contained in the response as much and as
effectively as possible.

In this work, damage to the structure refers to localized failure
of a part of the structure. This failure can be a complete loss of
capability in the part or a degradation of properties to an unaccept-
able level. We assume this failure or degradation would primarily
affect the stiffness properties and therefore the modal characteristics
of the dynamic response of the structure. This work is focused on
damage in truss structures, so the algorithms that follow are applied
to locate and assess the total or partial loss of stiffness in single
or multiple members of a truss. However, these algorithms are not
restricted to truss applications by design and so are applicable to
other structures as well.

In general, a predamage finite element method (FEM) model is
constructed and possibly adjusted to match the response of the un-
damaged structure. The inertia properties of this model are assumed
to be essentially consistent with those of the damaged structure de-
fined above.

Recent researchers have adopted a two-step damage detection
process: first damage location, then assessment. For the first step, the
use of “damage vectors,” as presented by Zimmerman and Kaouk,’
or “residual force vectors,” as presented by Ricles and Kosmatka,’
can locate damaged regions of the structure as represented in the
FEM model. The second step is to assess the damage by algorithmi-
cally comparing the modal characteristics of the predamage FEM
model to the postdamage structural response, producing an adjusted
FEM model with adjustments limited to the region or regions defined
in the first step.

In this paper, a method is presented for the damage assessment
step that uses the modal characteristics extracted from a vibra-
tion test in a strategy developed to combine the advantages of
two widely used system identification approaches: eigensensitivity
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and multiple-constraint matrix adjustment. In this hybrid technique,
physical parameters are adjusted to reflect the FEM property ma-
trix adjustments required to match the response characteristics ex-
perimentally determined for the structure. The performance of this
method is shown with its application to data from a flexible-truss
laboratory experiment. A discussion of the performance with re-
spect to that of the two underlying system identification approaches
is included, along with a presentation of practical considerations,
such as for the incomplete measurement problem when the number
of sensor outputs is less than the number of degrees of freedom
(DOF) of the system.

Background

Approaches that employ parameter sensitivities and multiple-
constraint matrix adjustment have shown promise for practical
application in model refinement and damage detection scenarios.
Sensitivity derivatives are widely used for design optimization.?
Recently, applications to model refinement and damage detection
in flexible structures have been investigated, often based on eigen-
value and eigenvector derivatives. Hendricks et al.” presented an
eigenvalue sensitivity identification procedure and performed nu-
merical simulations with an example structure designed to provide
the low-frequency and clustered vibration modes characteristic of
large flexible space structures. Property matrices (mass, damping,
and stiffness matrices) were constructed in terms of a small set of
physical property parameters. Estimations of corrections to initial
parameters were determined by using first-order eigenvalue deriva-
tives and the difference between measured and predicted frequen-
cies. Intuitively, eigenvalue sensitivity methods are expected to be
less effective than eigenvector sensitivity methods, since the former
involve less information about the system. Flanigan'® employed an
eigenvector sensitivity approach for model refinement of a truss
structure. Ricles and Kosmatka’ illustrated the use of the eigenvec-
tor sensitivity approach for damage detection in elastic structures.
First, residual modal force vectors were used to locate damage, after
which a weighted eigenvector sensitivity analysis was carried out to
assess the extent of the damage. Note that the incomplete measure-
ment situation was addressed for damage assessment, but not for
damage location or definition of a group of physical parameters.!!

An advantage of sensitivity identification is that structure load
paths are automatically preserved through the FEM model assembly
using the physical parameters. Also, areas in a property matrix away
from damage or refinement remain unaffected by using a localized
set of physical parameters. Furthermore, sensitivity algorithms can
be used to assess damage with incomplete measurements. A disad-
vantage is that an inclusive set of parameters must be defined before a
sensitivity analysis can be successful. Moreover, most eigensensitiv-
ity algorithms are restricted to detection of small parameter changes
due to truncation of higher order derivatives in the formulation. The
nonlinearity and nonunimodal qualities of the eigenvalue or eigen-
vector functions are not compatible with the linearizing formula-
tion, so that assessment of large changes, which might be expected
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with damage, is precluded in many cases. Experiments reveal these
algorithms are often not robust with respect to errors in the modal
data. Finally, eigensensitivity formulations sometimes lead to nu-
merical difficulties with singular or near-singular sets of equations,
in part complicated by the fact that the physical parameter set must
be selected to encompass the subset required to represent the model
changes.

Recently, modification of the classical eigensensitivity ap-
proach has improved its performance. Lin'2 proposed an improved
eigensensitivity method that employs both analytical and experi-
mental modal data (both eigenvalues and eigenvectors) to calculate
sensitivity coefficients. Verification with a numerical experiment for
updating a truss structure indicated the difficulties of small error (or
damage) magnitude and slow convergence are overcome.

Although many commercially available model refinement codes
use a sensitivity approach, applications of multiple-constraint ma-
trix adjustment identification methods (also sometimes referred to
as optimal-update methods) have recently shown promise for dam-
age location and assessment in flexible structures. A detailed review
of these methods can be found in Ref. 13. This approach produces,
through the solution of a constrained optimization problem formu-
lated with the matrix Frobenius norm,'3~!7 adjusted FEM property
matrices that more closely match the structural modal properties de-
termined from tests of the structure. In various formulations, matrix
characteristics such as the definiteness and the zero/nonzero pattern
are imposed. For damage location and detection, this approach is
used to establish areas of stiffness loss in the FEM model. Compar-
ing the two stiffness matrices for a structure—one from the model of
the undamaged structure and the other identified from limited mea-
surement of the structure response—1ieads to the location of changed
and therefore possibly damaged areas.

The applicability of matrix adjustment algorithms for damage
location has been verified. Experience also suggests that these al-
gorithms are not sensitive to testing errors that appear as inconsis-
tencies in the extracted modal data. However, their application for
damage assessment is limited by the matrix Frobenius norm used,
which tends to spread changes throughout the entire matrix, lead-
ing to an inaccurate assessment. Damage, as we have defined it, is
a localized effect. Moreover, it is difficult to interpret the physical
meaning of the updated matrix elements that result.

The motivation of this research was to combine the advantages of
both eigensensitivity and matrix adjustment techniques to create a
hybrid approach for better detection of damage in flexible structures
and particularly with inconsistent, real test data.

New Developments

To address the shortcomings of the eigensensitivity approach for
damage location and assessment and to address the shortcomings
of the matrix adjustment approach for damage assessment, a hybrid
approach for assessment has been developed. Multiple-constraint
stiffness matrix adjustment algorithms that allow for inconsistent
data are formulated in general from the objective function to mini-
mize the Frobenius norm of the matrix of residual force vectors!’

min|K(p)X — MXQ* |5 1

where K(p) is the n x n adjusted stiffness matrix, a function of
physical parameters; M is the n x n mass matrix; £ and X are,
respectively, the n,, X n, diagonal matrix containing n,, measured
circular frequencies and the n x n,, matrix containing n,, corre-
sponding mode shapes, where the measured modes can be arranged
in any order; n is the number of DOF in the FEM model; and #,, is
the number of measured modes. For the hybrid approach, physical
parameter sensitivities are introduced through a first-order expan-
sion of the stiffness matrix

IK(po)

np
K(p) ~K(po) + Y o
J

j=i

14 )

where p is the n, x 1 vector of the physical parameters, py is the
vector of initial physical parameters, dp; is the change in the jth
physical parameter, and n,, is the number of physical parameters.

The Appendix presents the details of the derivation. A least-
squares problem is the result, producing adjustments for the set
of physical property parameters. However, a more straightforward
derivation of the final least-squares inverse problem s possible if one
considers the matrix eigenproblem to be a function of the defined
set of physical parameters.

Start with the force balance of the undamped eigenproblem as

Mwix; = K(p)x;, i=1,2,..., 0, 3
where w; and x; are, respectively, the measured circular frequency
and the corresponding n x 1 mode shape vector for the ith measured
mode. Here x; is full, a complete representation of the mode shape
for the DOF corresponding to the FEM model. Therefore, if only
partial measurements are available from test, an estimate of the full
mode shape vector is determined using an expansion technique such
as the one presented in Ref. 11.

A first-order Taylor series is employed to expand the function on
the right-hand side of Eq. (3) so that we have

A[K(po)x;] 5

Mw?x; ~ K(po)x; + ap D, i=1,2,... 0, (4

The resulting set of algebraic equations can be combined in the form

Adp = —d %)
where
A1 dl
Ay d,
A= . R d= . (5a)
Anm d"m
in which

A = K (po)x;]

; 5b
" (5b)

d; = [K(py) — Mo} |x;, i=1,2,....,n, (50)
are, respectively, the n x n,, Jacobian matrices and the n x 1 damage
vectors® or residual forces.” Even though the matrix A is of dimen-
sion (nn,,) x np, with nn,, usually greater than 2n ,, it is often rank
deficient.

The vector of parameter adjustments §p is determined by solving
the rank-deficient least-squares problem using an approach based
on the singular value decomposition. Generally speaking, the ad-
justment is an iterative process:

1) The term py is defined from the initial FEM model.

2) The terms A and d are defined from the initial FEM model and
experimental eigendata as specified in the equations above.

3) The parameters are updated by first solving Eq. (5) for §p, then
computing

p=po+3dp

4) The updated p becomes the new initial parameter vector for
the next iteration.

5) Procedures 2—4 are repeated until final convergence, which has
been defined in this work as all 8p;/p; (i = 1,2,...,n,) are less
than 0.01%.

If the relationships between the stiffness components and the
physical parameters are linear, this method theoretically converges
in one step. In a practical situation with errors in the measured data
and initial FEM model, an iterative solution is generally required.
The convergence limit was arbitrarily defined but was found to be
suitable for this work.

As noted previously, the Appendix presents details of a derivation
of this method starting from a multiple-constraint matrix adjustment
approach and incorporating physical parameter sensitivities. Conse-
quently, we considered the resulting technique to be a hybrid of these
two approaches. Reference 18 presents more detailed discussions
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and also includes a derivation of Eq. (5) using Newton’s method.
Understanding that the hybrid method results from several different,
though related, initial formulations has improved our understanding
of its performance.

Compared to eigensensitivity approaches, this algorithm is better
suited to assess the significant stiffness changes that can occur with
damage since K(p)x;, the right-hand-side of Eq. (3), is a linear
function of the physical parameters if p contains only parameters that
appear as linear functions in K(p). This algorithm also converges
more readily than algorithms based on frequency or mode shape
sensitivity that are nonlinear functions of the physical parameters.

An important observation for practical purposes is that only the
modal and structural data corresponding to the DOF to which p
directly contributes can affect the identification of p, so only cer-
tain measurements of the structure are necessary for a particular
parameter correction. Upon application, these measured DOF can
be expanded by setting the DOF outside the region of influence of
the physical parameter to zero with no impact on the assessment
result. If critical members are designated in advance, the mathemat-
ical characteristics of this approach can be used to design the sensor
placement.

If significant changes occur in the mass matrix as well, Eq. (3)
can be rearranged into

0=—M(p)wix; + K(p)x; (6)

and expanded in the same way to solve for adjustments to the phys-
ical parameters. The form of Eq. (3) can also be similarly altered to
produce various algorithms to satisfy different requirements, such
as to include damping, or to make use of only partial response in-
formation. Details of these are presented in Ref. 18.

Note that Farhat and Hemez" independently developed a method
that includes Eq. (4) above as an intermediate point in its formula-
tion. They solved the n,, vector equations iteratively and separately
for the physical parameters in conjunction with an iterative estima-
tion of the expanded modes.

In the following sections, some practical issues involved in dam-
age location and assessment are presented using data from modal
tests of a laboratory truss structure to demonstrate and evaluate the
hybrid approach.

Practical Considerations

In practice, we must consider errors arising from FEM modeling
and from testing, in which the testing errors may include those due
to nonfunctioning sensors.

Based on the assumptions that the initial FEM model is suffi-
ciently accurate, that the testing errors are primarily due to non-
functioning sensors, and that the sensor errors remain constant
throughout the testing process, one approach to address these test-
ing errors might be to have the measurements (frequencies, mode
shapes, or both) from the postdamage response adjusted as follows:

Yim = Yo — AY (7a)

in which Y., Yam, and AY are ¢ x r matrices of corrected mea-
surements, postdamage measurements, and error correction, respec-
tively; ¢ is the number of sensor outputs; and r is the number of
measured modes used. The correction AY is assumed to be

AY =Yy, — Y, (o)

in which Y, is a ¢ x r matrix of predamage measurements and ¥,
is a ¢ x r matrix of analytical modal data. Note that all mode shapes
are orthonormalized with respect to the mass matrix (or reduced
mass matrix if mode shapes are reduced) before being corrected
using Eq. (7a). In the following, this will be referred to as global
correction.

A second correction approach can be adopted once one considers
that, when applying this hybrid algorithm, only adjacent DOF in-
formation will influence the identification of the physical parameter
for a truss member. Thus only local mode shape error corrections
are necessary.

Experimental Applications

The laboratory structure is a cantilevered eight-bay truss, con-
structed as part of the Dynamic Scale Model Technology (DSMT)
Program at NASA Langley Research Center.? In Fig. 1 the FEM
model mesh for this truss is presented, with the root (or fixed end)
of the truss on the right. Note that the DOF are numbered from the
free end to the root. Five typical damage cases are defined in Ta-
ble 1 with respect to Kashangaki’s labeling, including total loss of
stiffness for individual and for multiple members of the truss. Fre-
quency and mode shape information for the first five modes of the
structure were extracted from measured acceleration time histories
for the undamaged truss and for each of the five cases considered.?
In these tests, accelerometers were located at each of the 96 DOF
corresponding to the FEM model, allowing the future flexibility of
selecting any subset of the measurements.

Recall that damage detection is a two-step process including lo-
cation and assessment. In the first (location) step, a physical param-
eter set is defined. Differences between the damage vectors from
predamage response and those from postdamage response were used
to eliminate the force imbalance due to modeling and testing errors.
A complete study of the damage vectors for this eight-bay truss was
presented by Kaouk and Zimmerman.?! As an example here, Figs.
2a-2c are, respectively, the predamage vector sums, the postdamage
vector sums, and the difference for case 1. To improve confidence in
the damage location indication, each figure is the sum of five damage
vectors resulting from the five modes, instead of a damage vector
from a single mode. Several peaks appear in both the pre- and post-
damage vectors, indicating force imbalance due to both modeling
errors and sensor output errors. It is generally believed that peaks
at DOE 44 and 45, and possibly 85 and 88, are due to sensor out-
put errors, whereas peaks at the fixed and free ends are mainly due
to structure modeling errors including omission of shaker stinger
stiffnesses. The plot of the difference between these pre- and post-
damage vectors clearly shows a single distinct peak at DOF 86,
indicating damage to the truss member corresponding to element
label 46 (member 46). The damage location results for cases 2—5
can be found in Ref. 18.

The parameters contained inp here are defined as the stiffnesses of
potentially damaged truss members. For each damage case, two sets
of parameters were defined. Set 1 in each case contains parameters

Table 1 Eight-bay damage case definitions

Damage case Element label Element type Bay
1 (a® 46 Longeron 1
2 (h) 35 Longeron 3
30 22 Longeron 5
4 (e) 36 X-batten 3
5 (o) 35 and 99 Longeron and diagonal 3

4Labeling in parentheses from Kashangaki’s designations (Ref. 20).

nodal joint cluster mass 0.4876 kg
member length (x, y, or z direction) 0.5 m
strut EA 5.06x10~4 N

density @) (longeron)
density o4 (diagonal)

2.023x10~° kg/m?
2.173x107% kg/m?

Fig.1 Eight-bay truss model and damage case labeling.
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Fig. 2 Damage vector sum vs DOF for damage case 1: a) predamage,
b) postdamage, and c) difference between pre- and postdamage.

indicated by examining only the postdamage vector. A common sub-
set of 13 parameters representing initial model and sensor errors is
included in each. These parameters are listed in Table 2 and would be
the set of parameters defined if one considered only the predamage
vector. In each case, set 2 includes only parameters clearly defined
in the difference between the post- and predamage vectors. In ap-
plying this method, set 2 would typically be the only set defined,
but set 1 is included here to illustrate issues and performance.

The initial value and corrections of p for case 1 are shown in
Table 3, where py is the initial value of p; p, and p, are, respec-
tively, the modified values of p using pre- and postdamage mea-
surements; and p.4 is the updated value of p employing the post-
damage measurements after global corrections. For set 1 we see

Table 2 Definitions of parameters from

predamage vector sum
Parameter Node 1 Node 2 Bay
1 1 6 8
P2 3 7 8
73 4 7 8
Pa 6 9 7
ps 9 15 6
Ds 13 15 6
P7 1 2 8
DR 15 17 5
Do 17 21 4
Pio 17 22 4
pil 29 30 2
P12 4 6 8
P13 23 24 4

that the adjustments to the first 13 parameters, which correspond to
force imbalance with the predamage vectors, are nearly identical for
both p,, and p,, most of which are quite different from their corre-
sponding initial values. The column of the difference p; — p., shows
values near zero except for parameter 14, which corresponds to the
damaged member. This again indicates that these parameters are in-
volved with initial modeling and testing errors rather than with the
damage. Some parameter adjustments from errors related to testing
are avoided with global measurement corrections, as is reflected in
P (parameters 3, 8, and 10). However, assessments of pi4 using
both parameter sets produce similar satisfactory results, showing
near 100% loss of stiffness of member 46, verifying this new al-
gorithm, and demonstrating the characteristic of local identification
with local information using this algorithm.

Asindicated by damage vectors, both cases 2 and 3 involve signif-
icant sensor errors adjacent to or near the damaged member, which
affects the assessment of damage with direct use of measurements.
In Table 4, adjustments to parameter py, whose corresponding truss
member is adjacent to the damaged member (element label 35),
were indicated when the pure postdamage response was used. After
global or local (around py and pi4) corrections of the modal data,
the damaged member is still identified in p,, with a complete stiff-
ness loss, whereas the nearby element associated with py is not.
The outcomes in Table 5 reflect that selected parameters involving
testing or modeling errors affect the accuracy of assessment of real
damage when adjacent to the damaged member. This situation is
improved by measurement corrections.

With the selection of the large parameter set (set 1) and the identi-
fication of nonphysical adjustments in these parameters, confidence
in the approach is diminished. However, similar nonphysical identi-
fication results also occur when the eigensensitivity approach or ma-
trix adjustment approaches are employed for this truss; these have
been attributed to unmodeled fixed-end and test apparatus condi-
tions. In the hybrid approach, the independence of parameter adjust-
ments due to the local-influence characteristic allows confidence in
the damage assessment even though other parameter changes away
from that area are nonphysical. Therefore, each indication must be
evaluated individually if care is not taken in the initial parameter set
selection.

If the number of measured locations is less than the system di-
mension and the damaged parts are within the measured regions, the
reduced mode shapes can be augmented by filling the unmeasured
parts with zeros. Table 6 shows the evaluation results of cases 1-3
when only set 2 and the measured mode shape locations adjacent to
each damaged member were used. These results demonstrate that
such reduction of the measurements does not affect the assessment.
However, this mode shape expansion technique is not able to indi-
cate damage outside the measured regions. In this case, Smith and
Beattie’s expansion method!! can be adopted.

Case 4 is difficult to assess correctly because of relatively trivial
deformations of the X-batten. Neither the eigensensitivity nor the
matrix adjustment approach is able to correctly locate and assess
the damage. The hybrid method did not improve on this. For the
multiple-damage case (case 5), the new algorithm had a similar per-
formance as it did in case 2 with no additional difficuities. The pa-



LI AND SMITH: DAMAGE DETECTION IN FLEXIBLE STRUCTURES

423

Table 3 Damage assessment results using hybrid method for case 1

Parameter set 1, x1.75 x 106 N/m

Parameter set 2, x1.75 x 108 N/m

Po 1 7 Du Pcd Pd — Pu po P4 Pcd
0.457 —0.461 —0.442 —-0.096 —0.019

1.291 —-0.710 —-0.7717 —0.633 0.066

0.457 —0.468 —0.436 0.407 -0.031

0.457 1.042 1.142 0.909 —0.100

0.457 0.036 -0.018 0.129 0.054

1.291 0.117 0.119 —-0.218 —0.003

1.291 0.190 0.203 ~0.134 —-0.013

0.457 —0.208 —0.179 0.446 —0.029

1.291 1.220 1.308 1.190 —0.089

0.457 —0.390 —0.408 0.468 0.018

1.291 —0.225 —0.208 —0.896 —0.019

0.457 —0.154 —0.164 0.796 0.010

1.291 —0.670 —0.614 —-0.962 —0.056

1.291% —0.040 0.976 —0.094 —1.017 1.291 ~0.040 0.082

2The term piq corresponds to element label 46.

Table 4 Damage assessment results using hybrid method for case 2

Parameter set 1, x1.75 x 10° N/m

Parameter set 2, x1.75 x 106 N/m

Po 1 Z Py Pcd Py — Py Po Pd Pcd
0.457 —0.445 —0.442 —0.462 —0.003

1.291 —0.701 -0.777 -2.086 0.076

0457 —0.399 —0.436 —-0.077 0.038

0457 1.151 1.142 1.426 0.009

0.457 —0.103 ~0.018 0.059 —0.085

1.291 0.176 0.119 0.068 0.056

1.291 0.199 0.203 0.380 —0.004

0.457 —0.248 -0.181 —0.181 —0.068

1.291 —0.436° 1.290 1.573 —1.726

0.457 —0.291 —0.407 —0.572 0.116

1.291 —0.205 ~0.208 —0.113 0.003

0.457 —0.188 —0.164 —0.155 —0.024

1.291 —0.428 —0.614 —0.520 0.185

1.291* —0.021 1.246 0.014 ~1.267 1.291 —-0.024 —0.024

2The term p14 corresponds to element label 35.
bInvolves testing errors.

Table 5 Damage assessment results using hybrid method for case 3

Parameter set 1, x1.75 x 10 N/m

Parameter set 2, x1.76 x 10° N/m

Po Pd Du Ded DPd —Pu Po Pd Ped
0.457 —0.420 —0.450 —0.194 0.030

1.291 —-0.914 —-0.792 1.004 —0.121

0.457 —0.302 —0.406 —0.142 0.104

0.457 1.797 2227 1.638 —0.431

0.457 —0.051 —0.007 —-0.020 —0.044

1.291 0.113 0.104 0.034 0.009

1.291 0.140 0.208 0.285 —0.068

0457 —0.122 —~(0.155 0.015 0.033

1.291 1.794 1.347 1.317 0.448

0.457 -0.361 —0.406 —0.098 0.045

1.291 —0.161 —0.208 —0.283 0.047

0.457 —0.270 —0.256 0.533 —0.015

1.291 —0.626 —-0.614 —0.121 —-0.012

1.2912 0.283 8.093b 0.015 —7.811 1.291 —0.398 —0.591

2The term p14 corresponds to element label 22.
bInvolves testing errors.

rameters for the two damaged members (35 and 99) were identified
using set 2 to have 94.9% and 98.2% stiffness loss, respectively.'®
These five cases were selected to present representative results, with
examples of more straightforward (case 1) and more difficult (cases
3-5) applications.

For comparison with the underlying techniques of the hybrid
method, the updated results of case 1 using matrix adjustment and
eigenvector sensitivity techniques are also presented. When apply-
ing the matrix adjustment approach,” a sparsity pattern was im-
posed on the updated stiffness matrix at each iteration to allow
only those elements in the potentially damaged areas of the up-
dated stiffness matrix to be modified. This was done by conducting

an element-by-element multiply of the updated stiffness matrix
with a 96 x 96 sparsity matrix in which the matrix entries re-
lated to the defined parameters were set to 1 whereas the oth-
ers were set to zero. The two parameter sets (1 and 2) estab-
lished above were used to produce two respective sparsity matrices
(sparsity 1 and sparsity 2). The results of applying a multiple-
constraint matrix adjustment to case 1 show error peaks in mesh
plots of the difference between the updated and initial stiffness
matrices. Pre- and postdamage measurements were used in turn,
and the sparsity 1 pattern was employed. Damage shows up dis-
tinctively in the mesh of the difference of the final updated stiff-
ness matrices,'®?2 similar to the results using the hybrid technique.
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Table 6 Evaluation results of cases 1-3 using hybrid method, set 2,
and local measurements

Case 1, Case 2, Case 3,

1.75 x 10 N/m 1.75 x 10% N/m 1.75 x 10% N/m
Po pd Po pd Po pd
12913 —0.1922 12913  —0.0241 12913  —0.3979

a) 1.1435 x1.75¢6 N/m

b) 1.1444 x1.75¢6 N/m

Fig. 3 Difference between adjusted stiffness matrices from pre- and
postdamage measurements using matrix adjustment approach for case
1: a) sparsity pattern 1 and b) sparsity pattern 2.

Results with globally corrected postdamage measurements indicate
that many errors are significantly reduced, whereas a few addi-
tional errors are introduced. The results of case 1 using sparsity
2 show the matrix adjustment algorithm converging more quickly
than when using sparsity 1. The mesh-plot difference results and
the stiffness loss magnitudes for these two examples are shown in
Figs. 3a and 3b.

Compared to the performance of the multiple-constraint ma-
trix adjustment technique, the hybrid method shows several
advantages:

1) The hybrid method required an order of O(10?) less compu-
tational effort for this application. The slowness of the iterative
sparsity-preserving multiple-constraint matrix adjustment algo-
rithms is attributed to having many matrix elements that are modified
and then set to zero at each step in the process.

2) Only local information is needed for parameter assessments
with the hybrid method. This property can also be used for guidance
in both testing and damage identification.

3) The hybrid correction directly gives damage information for
physical parameters without affecting the structure of the modi-
fied FEM matrix. Multiple-constraint matrix adjustment approaches
produce matrix element changes that are at times more difficult to
interpret.

An advantage of the multiple-constraint matrix adjustment ap-
proach is that convergence is ensured since the adjustment iterates
between two convex sets. A proof is included in Ref. 18. Additional
comments are in Ref. 22. Experience has also shown this matrix
adjustment algorithm to perform equally well with various combi-
nations of the measured modes and to have less sensitivity to eigen-
data errors than eigensensitivity applications. The hybrid approach
has also demonstrated these qualities with respect to the measured
eigendata.

On the other hand, the eigenvector sensitivity approach does not
produce correct results for any of these five defined cases, presum-
ably because the loss of stiffness of an individual member was
too large in each case. An analytical simulation of this sensitiv-
ity method employing the parameters in case 1 reveals that it will
work for a small stiffness loss, such as estimating 20% damage of
member 46 by use of one parameter and measurements from the
fifth mode.

Compared to the performance of the eigensensitivity approach,
the hybrid method shows several advantages:

1) The hybrid method can evaluate a less restricted damage range.
In this case greater than 20-25% stiffness loss can be identified with
the hybrid approach, but not the eigensensitivity approach.

2) The number of parameters used is not limited. With the
eigensensitivity approach, the larger of the two parameter sets could
not be used with available data to produce a result.

3) No sensitivity to mode selection was observed for the hybrid
method. The eigensensitivity approach either did not converge or
converged to incorrect values with most mode combinations and
errors as small as 1% introduced in numerical experiments.

4) The hybrid method generally requires less computational ef-
fort. The built-in requirement to recalculate eigendata from iteration
to iteration makes the eigensensitivity algorithm more computation-
ally intensive.

Eigensensitivity algorithms also require knowledge of which
measurement is associated with which analytical mode, increas-
ing the difficulties for situations involving closely spaced modes in
particular. In contrast, the hybrid method was developed to address
these shortcomings while assessing physical parameters and thus is
better suited for application to damage situations.

Summary

The goal of this work was to start with a multiple-constraint matrix
adjustment formulation and incorporate physical parameter sensi-
tivities, so that the resulting method identifies changes in physical
parameters rather than in matrix elements. This hybrid approach
has some demonstrated advantages over sensitivity and multiple-
constraint matrix adjustment techniques for damage assessment in
flexible structures. Performance advantages of the approach and is-
sues for practical application with sensor errors were shown with
its application to data from a laboratory truss experiment.

Appendix
For
Al
f = IK(p)X — MXQ?|1% ab
then
f=||[K@)x: K(p)x2 - K(p)x,, |
— [Mx10? My} - M, 02, ]| (A2)
2
= [rirs o,
=Y lnli =) rln (A3)
i=1 i=1
where
r; = [K(p) — Mo} ]x; (A4)
is referred to as a residual force vector.
Let
o~ IK(po)
K(p) =K(po) + ) — Py, (AS5)
=1 P
Therefore
L\ 9K
ri = | K(py) —Ma)i2 + Z ‘ 82?0)81),- X;
j=1 4

=d;+e (A6)
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in which

d; = ri(po) = [K(po) — Mo} ]x; (A62)

9K K (po)xi
e = Z dK(py) Spx; = K (po)x ]817 —A;5p (A6b)
‘= p; ap

are, respectively, the definitions of the damage vector and error
vector.
If we set

ﬁ_[_af_ of ...ﬂ_]=[00...0]:0T (A8)

W |ap pr 9P,
then
im 8r 2 (r)e
2 HE ) d T—=
;r, > ;(we,) ”
iy
=2y (@ +e)a =0
i=1
or

(ATd; + ATA; 5p) =0 (A9)

i=1
The preceding equation is equivalent to
ATAsp = —ATd (A10)

which is Eq. (5) in the main text in the “normal equations” form of
the least-squares problem.
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